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Abstract 

Several bases of the Garsia-Haiman modules for hook shapes are given, as well as combinatorial 
decomposition rules for these modules. These bases and rules extend the classical ones for the 
coinvariant algebra of type A. We also give a decomposition of the Garsia-Haiman modules into 
descent representations. 

1 Introduction 
1.1 Outline 

In [llj . Garsia and Haiman introduced a module H M for each partition /i, which we shall call the Garsia- 
Haiman module for fi. Garsia and Haiman introduced the modules H M in attempt to prove Macdonald's 
q, i-Kostka polynomial conjecture and, in fact, the modules H M played a major role in the resolution 
of Macdonald's conjecture [23]. When the shape fj, has a single row, this module is isomorphic to the 
coinvariant algebra of type A. Our goal here is to understand the structure of this module when \x is a 
hook shape (1 , n — k + 1). 

A family of bases for the Garsia-Haiman module of hook shape (I* 1-1 ,?! — k + 1) is presented. This 
family includes the k-th Artin basis, the k-th descent basis, the k-th Haglund basis and the k-th Schubert 
basis as well as other bases. While the first basis appears in [13j . the others are new and have interesting 
applications. 

The fc-th Haglund basis realizes Haglund's statistics for the modified Macdonald polynomials in the 
hook case. The k-th descent basis extends the well known Garsia-Stanton descent basis for the coinvariant 
algebra. The advantage of the k-th descent basis is that the S^-action on it may be described explicitly. 
This description implies combinatorial rules for decomposing the bi-graded components of the module into 
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Solomon descent representations and into irreducibles. In particular, a constructive proof of a formula 
due to Stembridge is deduced. 
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1.2 General Background 

In 1988, I. G. Macdonald [57] introduced a remarkable new basis for the space of symmetric functions. 
The elements of this basis are denoted P\(x; q, t), where A is a partition, x is a vector of indeterminates, 
and q,t are parameters. The P\(x; q, t)'s, which are now called "Macdonald polynomials", specialize to 
many of the well-known bases for the symmetric functions, by suitable substitutions for the parameters 
q and t. In fact, we can obtain in this manner the Schur functions, the Hall-Littlewood symmetric 
functions, the Jack symmetric functions, the zonal symmetric functions, the zonal spherical functions, 
and the elementary and monomial symmetric functions. 

Given a cell s in the Young diagram (drawn according to the French convention) of a partition A, let 
leg\(s), leg'^s), arm\(s), and arm' x (s) denote the number of squares that lie above, below, to the right, 
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Figure 1: Diagram of a partition. 



and to left of s in A, respectively. For example, when A = (2, 3, 3, 4) and s is the cell pictured in Figure 
[TJ leg\(s) = 2, leg' x (s) = 1, arm x (s) = 2 and arm' x (s) = 1. For each partition A, define 



h\{q,t) : = - q ^n lx (s) t leg x (s)+l^ 



(1) 



For a partition A = (Ai,...,Afc) where < Ai < ... < Afc, let n(X) :— J2i=i(k ~ Macdonald 
introduced the (q,i)-Kostka polynomials K x ^(q,t) via the equation 



J^x; q, t) = h^q, t)P^x; q,t) = ^ K X ,„(q, t)s X [X{l - t)], 



(2) 



and conjectured that they are polynomials in q and t with non-negative integer coefficients. 

In an attempt to prove Macdonald's conjecture, Garsia and Haiman [11] introduced the so-called 
modified Macdonanld polynomials (x; q, t) as 



H^{x;q,t) = ^2Kx.fj,(q,t)sx(a 



(3) 



where K x ^(q,t) := t n ^K x ,^(q, l/t). Their idea was that H^(x; q, t) is the Frobenius image of the char- 
acter generating function of a certain bi-graded module under the diagonal action of the symmetric 
group S n . To define H M , assign (row, coZumn)-coordinates to squares in the first quadrant, obtained by 
permuting the (x, y) coordinates of the upper right-hand corner of the square so that the lower left-hand 
square has coordinates (1,1), the square above it has coordinates (2,1), the square to its right has coor- 
dinates (1,2), etc. The first (row) coordinate of a square w is denoted row(w), and the second (column) 
coordinate of w is the denoted col(w). Given a partition /ihn, let [i also denote the corresponding Young 
diagram, drawn according to the French convention, which consists of all the squares with coordinates 
(i,j) such that 1 < i < £(fi) and 1 < j < fa. For example, for /i = (2,2,4), the labelling of squares is 
depicted in Figure [2 

Fix an ordering w\ , . . . , w n of the squares of fa and let 



A^(a;i 



i x n , y± , 



, y„) := det 



row{vjj ) 



-1 col(wj) 

Vi 



(4) 



For example, 



/l Vi Vi Vi xi xiyi 



^(2,2,4) 



(xi 



,x&;yu---,y&) = det 



lvi\ 



1 V2 2/2 Vi x 2 x 2 y2 x$y 2 



V 



vl vl x$ x 8 y 8 x% xjysj 
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(3,1) 


(3,2) 




(2,1) 


(2,2) 


(1,1) 


(1,2) 


(1,3) 


(1,4) 



Figure 2: Labelling of the cells of a partition. 



Now let H M be the vector space of polynomials spanned by all the partial derivatives of 
A A1 (x 1 , . . . , x n ; ... , y n )- The symmetric group S n acts on diagonally where for any polynomial 
P{x\, . . . , x n ; j/i, . . . , 2/ n ) and any permutation a e 5„, 

P(x\ , ■ ■ ■ , j/i , ■ • ■ , jm) •— P(x<ri , ■ • ■ ? 2-o-„ ! 2/ci > ■ • ■ > 2/fn )• 

The bi-degree (/i, fc) of a monomial 1 • • • x^yf 1 ■ ■ ■ y^" is defined by /i := Y27=i Pi an< ^ ^ := 127=1 Let 
H^ 1 '*^ denote space of homogeneous polynomials of degree (h, k) in H M . Then 

(h,fc) 

The S n -action clearly preserves the bi-degree so that S n acts on each homogeneous component ' '. 
The character of the S n -action on H^' fe ) can be decomposed as 

X^-Ex&fV, (5) 

Ahn 

where x A is the irreducible character of S n indexed by the partition A and the X\'^' s are non-negative 
integers. We then define the character generating function of H M to be 

x ^( q , t ) = E^ExSV (6) 

h,k>0 X\-\n\ 

= E^E^W 

Ah|/i| h,k>0 

The Frobenius map F, which maps the center of the group algebra of S n to A n (x), is defined by sending 
the character % A to the Schur function s\(x). Garsia and Haiman conjectured that the Frobenius image 
of x H "{q,t) which they denoted by F^(q,t) is the modified Macdonald polynomial £^(2;; (/, t). That is, 
they conjectured that 

F( X ^(q,t)) = E 1 h t k ^ X [ h fsx(x) (7) 

h,k>0 

= E^EC^ 

Ah | /j | h,k>0 

so that 

k x ^ q ,t)= E xt k \ h t k (8) 

/i,fc>0 
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Since Macdonald proved that ifA, M (l,l) = fx, the number of standard tableau of shape A, equations 
([7]) and ([8]) led Garsia and Haiman [Tl] to conjecture that as an S^-module, H p carries the regular 
representation. This conjecture was eventually proved by Haiman [23 using the algebraic geometry of 
the Hilbert Scheme. 

The goal of this paper is to understand the structure of the modules H M when /j, is a hook shape 
(l k ~ 1 ,n — k + 1). These modules were studied before by Stembridge [3B], Garsia and Haiman [IB] . 
Allen [5] and Aval [6]. This paper suggests a detailed combinatorial analysis of the modules. 

1.3 Main Results - Bases 

Consider the inner product ( , ) on the polynomial ring Q[i,y] = Q[xi, . . . , x n , y±, . . . , y n ] defined as 
follows: 

(f,g) ■= constant term of f(d Xl ,. . .,d Xn ;d yi ,. . .,d Vn )g(xi, . . . ,x n ;y-i, ...,y n ) (V/,5 £ Q n ), (9) 

where f(d Xl , . . . , dy n ) is the differential operator obtained by replacing each variable Xi (j/j) in / by the 
corresponding partial derivative (jpr). Let be the S^-module dual to with respect to ( , }, 
and let := Q[x,y]/ J^. It is not difficult to see that H p and are isomorphic as ^-modules. 

1.3.1 The fc-th Descent Basis 

The descent set of a permutation 7r 6 S n is 

Des(7r) := {i : 7r(i) > ir(i + 1)}. 
Garsia and Stanton |17j associated with each n £ S n , the descent monomial 

n-l 

°-K~ \\ (^(1) ' • -^TT(i)) = \\ « n (j) 



a .|DeB(7r)n{j,...,n-l}| 



ieDcs(Tr) j=l 

Using Stanley-Reisner rings, Garsia and Stanton [17j showed that the set {a n : ir G S n } forms a basis 
for the coinvariant algebra of type A. See also [39] and [4]. 

Definition 1.1. For every integer 1 < k < n and permutation 7r e S n define 

{|Des(7r)n{i,...,fc-l}|, ifl<i<k; 
0, ifi = k; 

Des(7r) n {k, . . . ,i — 1}|, if k < i < n. 

Definition 1.2. For every integer 1 < k < n and permutation ir £ S n define the k-th descent monomial 



ieDBB(it) ieDcs(i) 

i<k-l i>k 

rix d ^ M - fr v df)( * ] 

11 X ir(i) 11 
i=l i=k+l 

jW/^ A*) i 



For example, if n = 8, k = 4, and tt = 8 6 1 4 7 3 5 2, then £>es(7r) = {1, 2, 5, 7}, (4 ; (tt), ■ ■ ■ , 4'W) 
1, 0, 0, 0, 1, 1, 2), and ai 4) = x\x 2 y§y7y\- 

in) 

Note that a\ — a„, the Garsia-Stanton descent monomial. 
Consider the partition [i = (l fe_1 ,n — k+ 1). 
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Theorem 1.3. For every 1 < k < n, the set of k-th descent monomials {ai : 7r 6 S n } forms a basis 
for the Garsia-Haiman module H(xfc-i, ra -fc+i)- 

Two proofs of Theorem 11.31 are given in this paper. In Section [5] it is proved via a straightening 
algorithm. This proof implies an explicit description of the Garsia-Haiman hook module H'/ lfe _ 1 n _ k+1 y 

Theorem 1.4. For /i = (l fc_1 , n — k+ 1) the ideal = defined above is the ideal o/Q[x,y] generated 
by 

(i) K\x\ + and A[y] + (the symmetric functions in x and y without a constant term), 

(ii) the monomials x^ ■ • ■ Xi k (i\ < ■ ■ ■ < it) and y i± ■ ■ -yi n _ k+1 (i\ < • ■ ■ < i n -k+i), o-nd 
(Hi) the monomials xiyi (1 < i < n). 

This result has been obtained in a different form by J.-C. Aval [HI Theorem 2]. 



1.3.2 The fc-th Artin and Haglund Bases 

A second proof of Theorem 11.31 is given in Section [3] This proof applies a generalized version of the 
Garsia-Haiman kicking process. This construction is extended to a rich family of bases. 

For every positive integer n, denote [n] := {1, . . . , n}. For every subset A = {ii, . . . , i k } Q [n] denote 
x A := x n ,.. .,x lk and y A := y ni . . .,y ik . Denote x := x [n] =x 1 ,...,x n and y := y~[ n ]= y%, •••,y n - 

Let k, c E [n], let A — {ai, . . . , a&_i} be a subset of size k — 1 of [n] \ c, and let A := [n] \(AU {c}). 
Let B A be an arbitrary basis of the coinvariant algebra of Sk-i acting on Q[x^], and let C A be a basis 
of the coinvariant algebra of SVi-fc acting on Q[y^]. Finally define 

m (A, c ,A) ■= n Xi n yj^Qfoy]- 

{i£A:l>c} { \ : J . , ; 

Then 

Theorem 1.5. The set 

U m {A,c,A) b a C a := {j{m {A c A) bc : b G B A , c G C^} 

forms a basis for the Garsia-Haiman module H'^ lk _ 1 n _ k+1 y 

Definition 1.6. For every integer 1 < k < n and permutation n G S n define 



mv\ '(it) 



\{j '■ i < j < k and > 7r(j)}|, if 1 < i < k; 
0, if i = k; 

\{j '■ k < j < i and ir(j) > if k < i < n. 



For every integer 1 < k < n and permutation ir G S n define the k-th Artin monomial 

i=fe+l 



and the fc-th Haglund monomial 



"■' - TTr d * fe)(7r) 17 ,, inv - fc>(7r) 

• _ LL X ir(i) 11 »ir(i) 

i=l i=fc+l 



G 



For example, if n — 8, k = 4, and 7r = 8614735 2, then Des(Tr) = {1, 2, 5, 7}, (int); (7r), ■ ■ ■ , iriVg (n)) — 
(3,2,0,0,1,0,2,0), bi i} =xlx 2 2 y 5 yl and =x\x^y 1 1 . 
Interesting special cases of Theorem 11.51 are the following. 

Corollary 1.7. Each of the following sets : 

{a« : tt G S n }, {&« : tt G S„}, {c« : vr G S n } 

forms a basis for the Garsia-Haiman module H^.j n _ fe+1 j- 

Remark 1.8. 

1. Garsia and Haiman [12] showed that {b^ : tt G S n } is a basis for H'^ lfe _ 1 n _ k+1 y Other bases 
of H(jfc-i >n _fc+i) were also constructed by J-C Aval [6] and E. Allen [HH]. They used completely 
different methods. Aval constructed a basis of the form of an explicitly described set of partial 
differential operators applied to A/^-i , n -k+i) an d Allen constructed a basis for H(n-i n _n. +1 i out 
his theory of bitableaux. 

2. It should be noted that the last basis corresponds to Haglund's statistics for the Hubert series 
of H^fc-i „_ fe+1 ) that is implied by his combinatorial interpretation for the modified Macdonald 
polynomial H^ 1 k-i n _ k+1 - ) (x; q, t); see Section [8] below. 

3. Choosing Ba and Ca in Theorem 11.51 to be the Schubert bases of the coinvariant algebras of Sk-i 
(acting on Q[x^]) and of SVi-fc (acting on Q[y^]), respectively, gives the k-th Schubert basis. One 
may study the Hecke algebra actions on this basis along the lines drawn in [2J. 

1.4 Main Results - Representations 

1.4.1 Decomposition into Descent Representations 

The set of elements in a Coxeter group having a fixed descent set carries a natural representation of the 
group, called a descent representation. Descent representations of Weyl groups were first introduced by 
Solomon [35j as alternating sums of permutation representations. This concept was extended to arbitrary 
Coxeter groups, using a different construction, by Kazhdan and Lusztig [25] (24J, §7.15]. For Weyl groups 
of type A, these representations also appear in the top homology of certain (Cohen-Macaulay) rank- 
selected posets [37] . Another description (for type A) is by means of zig-zag diagrams [TH1 US] • A new 
construction of descent representations for Weyl groups of type A, using the coinvariant algebra as a 
representation space, is given in [1] . 

For every subset A C {1, . . . , n — 1}, let 

S£ := {n G S n : Des{n) = A} 

be the corresponding descent class and let p A denote the corresponding descent representation of S n . 
Given n and subset A — {ai < ■■■ < a^} C {l,...,n — 1}, we can associate a composition of n, 
comp(A) — (ci, . . . , Cfe+i) = (ai, a% — ai, . . . , — a k -i,n — a k ) and zigzig (skew) diagram Da which in 
French notation consists of rows of size c%, . . . , Ck+i, reading from top to bottom, which overlap by one 
square. For example, if n — 8 and A = {2,4,7}, then comp(A) — (2,2,3, 1) and D(A) is the diagram 
pictured in Figure ([3]). 

Definition 1.9. A bipartition (i.e., a pair of partitions) A = where /i = (pi > ••• > fJ-k+i > 0) 

and v = (y\ > • • • > v n -k+i > 0) is called an (n, k) -bipartition if 

1. \k = v n -k+i = so that n has at most k — 1 parts and v has at most n — k parts, . 

2. for i = 1, . . . , k — 1, Xi — A,; + i G {0, 1}, and 
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Figure 3: The zigzag shape corresponding to n = 8 and A — {2, 4, 7}. 



3. for i = 1, . . . , n — k, Vj, — Vi+i e {0, 1}. 

For a permutation 7T G S n and a corresponding k-descent basis element dir = Yii=i x< t\i) ' Yl7=k+l vt\i)> 
let 

A(a(. fe) ) := ((di,d 2 , . . .,d k -i,0), (d„,d„_i, . . .,d k+1 ,0)) 

be its exponent bipartition. 

For an (n, k) -bipartition A = (fi, v) let 

ljf>* := span p {a« + J (1 *-i, n _ fe+1) : tt G S n , A(a«) < A }, 

and 

J< fe)< := span Q {a« + J ( i*-i,„_ fc+1) :i£5„, X(a^) < A } 

&e subspaces of the module H/ lfc _ 1 where < is t/ie dominance order on bipartitions (see Defini- 

tion ^.^ !), and let 

R (k) . = 7 (fe)< ^j(fc)< 

Proposition 1.10. jf^, and ^/j^s are S n -invariant. 

Lemma 1.11. Let A = ((J,,v) be an (n,k) -bipartition. Then 



{oW + if * : Des(Tr) = A x } (10) 



is a 6osis for R^' , where 



A\ := {1 < i < n : /Lt; - = 1 or i/ n _i - i/„_i+i = 1 }. (11) 



Theorem 1.12. The S n -action on is given by 



a 



if | 7 r- 1 (i + 1) -Tr- 1 ^)! >1; 



Sj (a«) = <J ai fe) , if TT-^j + 1) = ^(i) + 1; 

-«i fc) - E«t 6 a iW ^> if ^ x (i + i) = ^(i) - 1- 

Here sj — + 1) (1 < j < n) are the Coxeter generators of S n and {ai fc ' + Iz° ' A : Des(7r) = A\} is 
the descent basis of R^' . For the definition of Aj (tt) see Theorem \G.J\ below. 

This explicit description of the action is then used to prove the following. 

Theorem 1.13. Let A = be an (n,k) -bipartition. i?\ is isomorphic, as an S n -module, to the 

Solomon descent representation determined by the descent class {it G S n : Des(7r) = ^4a}- 

Let H'|* 1 fe '- 2 i' l n _ fc+1 ) be the (ii,< 2 )-th homogeneous component of H / ^ lfc _ 1 n _ k+1 y 
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(|i,v) Weight Descent Set Shape 



((0,0,0),(0,0)) 


1 


{} 


1 1 1 1 1 


((1,0,0),(0,0)) 


t 


{1} 






1 1 


((1,1,0),(0,0)) 


t 2 


{2} 














1 


((2,1,0),(U,0)) 


t 


{1,2} 






1 


((0,0,0),(1,0)) 


q 


{3} 




1 








((1,0,0),(1,0)) 


qt 


{1,3} 










((1,1,0),(1,0)) 


qt 2 


{2,3} 


1 






((2,1,0),(1,0)) 


qt 3 


{1,2,3} 









Figure 4: Table 1. 

Corollary 1.14. For every t\,t<i > and 1 < k < n, the (ti,t2)-th homogeneous component of 
H| lfc _ 1 n _ k+1 ^ decomposes into a direct sum of Solomon descent representations as follows: 

TT/(*l>t2) ^ 

n (1*- i,n-fc+l) — VT/^A ' 
A 

where the sum is over all (n, k)-bipartitions A — (/i, v). such that 

J2 (n-i)=h, J2 l = < 2- (12) 

i>k and Vi>Vi+\ i<k and /^>Mi-|-i 

For example, suppose that k = 3 and n = 4. Then if A = (/i, j/) is a (4, 3) partition, then 
H S {(0,0,0), (1,0,0), (1,1,0), (2, 1,0)} and 6 {(0, 0), (1, 0)}. Table 1 below list all the possible 
(4, 3)-partitions. Then for each A = (fJ.,v), we list the corresponding weight q* 1 ^ 2 given by (fl~2"|) , the 
corresponding descent set A\, and the ribbon Schur function corresponding to A\. 

1.4.2 Decomposition into Irreducibles 

A classical theorem of Lusztig and Stanley gives the multiplicity of the irreducibles in the homogeneous 
component of the coinvariant algebra of type A. Define 1 < i < n to be a descent in a standard Young 
tableau T if i + 1 lies strictly above and weakly to the left of i (in French notation) . Denote the set of all 
descents in T by Des(T) and let the major index of T be 

maj(T) := i. 

ieDcs(T) 
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Theorem 1.15. [361 Prop. 4.11] The multiplicity of the irreducible S n -representation S x in the k-th 
homogeneous component of the coinvariant algebra of type A is 

#{TeSYT(\) : maj(T) = fc}, 

where SYT(X) is the set of all standard Young tableaux of shape A. 

In 1994, Stembridge 38] gave an explicit combinatorial interpretation of the (q, i)-Kostka polynomials 
for hook shape. Stembridge's result implies the following extension of the Lusztig-Stanley theorem. 
For a standard Young tableau T define 

majij Cn := ^ r 

rgDes(T) 
i<r<j 

and 

comaj^CT) := ^ (n-r). 

i-eDes(T) 
i<r<j 

For example, for the column strict tableaux T pictured in Figure [5] and k = 4, Des(T) — {2,3,5,7}, 
m aji,4(T) = 2 + 3 = 5, and comaj S)8 = (8 - 5) + (8 - 7) = 4. 



4 


8 




3 


6 


1 


2 


5 


7 



Figure 5: Des, majj fe , and comaj fc n for a standard tableau. 

We can restate Stembridge's results [38] as follows. 
Theorem 1.16. 

XA,(i*^,n-*+i)(9,*)= E 9 majl — + l(T) i comaj "-+ 1 - (T) (13) 

TeSYT(A) 

Our next result is an immediate consequence of Haiman's result ([5]) and Theorem 11.161 

Theorem 1.17. The multiplicity of the irreducible S n -representation S x in the (h, h') level o/H/ 1 *-i in _^ + n 
(bi-graded by total degrees in the x's and y's) is 

x ih,h') = #{T g SYT{X) . maji n _ k+i{T) = ^ comaj n _ fc+li „(T) = ft'}, 

where SYT(X) is the set of all standard Young tableaux of shape A. 

Haglund [19] gave another proof of Theorem 1 1 . 1 71 that used his conjectured combinatorial definition 
of Hfj,(x;q,t). Haglund's conjecture has recently been proved by Haglund, Haiman and Loehr [20). I21j. 

We give two proofs of this decomposition rule. The first one, given in Section [51 follows from the 
decomposition into descent representations described in Corollary 11.141 above . 

The second proof, given in Section [3 is more "combinatorial". It uses the mechanism of [21] but does 
not rely on Haglund's combinatorial interpretation of if(i*-i )ri _fc+i)(3c;<?,t). 
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2 The Garsia-Haiman Module H M 

In this section, we shall provide some background on the Garsia-Haiman module, also known as the space 
of orbit harmonics. Proofs of the results in this section can be found in [T3j and [14] , 

Let to := 2n and (z±, . . . , z m ) :— [x\, . . . , x n , yi, . . . , y n ). Given positive weights w\, . . . , w m , define a 
grading of R = Q[zi, . . . , z m ] by setting, for any monomial ~zP — zf 1 • ■ • Z^ 1 , 

m 

d w (z p ) := ^WiPi. (14) 

i=l 

For any polynomial g = ^2 p c^ and any k, set 

n%g= Yl ^ (15) 

d„(zP)=fc 

Call tt™ g the to -homogeneous component of w- degree fc, and let top w (g) denote the ui-homogeneous com- 
ponent of highest ui-degree in g. Let V be a subspace of R. We say that V is w -homogeneous ifTT^V C V 
for all k. Let is the orthogonal complement of V with respect to the inner product defined at the 
beginning of Subsection 11.31 If V is w- homogeneous, then is also To-homogeneous. 
If J is an ideal of R then 

^ = {se QM : f(-^, ■ • • , ^M*) = o (v/ e J)}. (16) 

In particular, J 1 - is closed under differentiation. We set Rj = R/ J and define the associated w-graded 
ideal of J to be the ideal 

gr w J:= (top w (g) : g € J). (17) 

The quotient ring H/gr w J is referred to as the w-graded version o/Rj and is denoted by gr^Rj. 
Given a point p = (pi, . . . , p m ), denote its S n -OTbit by 

W = [p\s n = W(p) ■ o- e 5„}- (18) 

We also set 

R [p] := R/J M (19) 

where 

J [p] ={. 9 GR: 5 (zH0 (Vze [p])} (20) 

Considered as an algebraic variety, R[ p ] is the coordinate ring of [p]. Since the ideal Jr p i is S'n-invariant, 
SVi also acts on Rui- In fact, it is easy to see that the corresponding representation is equivalent to the 
action of S n on the left cosets of the stabilizer of p. Thus if the stabilizer of p is trivial, i.e. if p is a regular 
point, then Rr^i is a version of the left regular representation of S n . If each a G S n preserves 7i>-degrees, 
then we can associate two further ^-modules with p; namely, gr w J\ p j and its orthogonal complement 

H W = [gr w J [p] )^. (21) 

Garsia and Haiman refer to H[ p ] as the space of harmonics of the orbit [p]. Clearly if f{z) is an S n - 
invariant polynomial, then f(z) — f(p) G Jr p i. In addition, if f(z) is w- homogeneous, then f(z) G gr w Jt p i. 
This implies that any element g G H[ p ] must satisfy the differential equation 

d d 
f(jr-^-^jr—)9{zi,...,z m ) =0. 

UZ\ L/2 m 

It is not difficult to show that Hu and gr w R^ are equivalent Tw-graded modules and that these two 
spaces realize a graded version of the regular representations of S n - 
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Given a partition p — {px > • • • > p^ > 0) with k parts, let h = pk he the number of parts of the 
conjugate partition p' . Let ax, . . . , and 0x, ■ ■ ■ ,0k he distinct rational numbers. Alternatively, we can 
think of the a's and /3's as indeterminates. An injective tableau of shape p is a labelling of the cells of p 
by the numbers {1,2,..., n} so that no two cells are labelled by the same number. The collection of all 
such tableaux will be denoted by XT ^ For each T G XT p and I G {1, 2, ... , n}, let s T (l) = {ir(t), jr(i)) 
denote the cell of p which contains the number I. We then construct a point p(T) — (a(T),b(T)) in 
2n-dimensional space by setting 

ai {T) :=a iTW and b t (T) = Me) (1 < * < n). (22) 

For example, for the injective tableau T pictured in Figure El 

p(T) = (a2,ax,ax,ai,a 3 ,a2,a2,ai,a4,;02, Pi, 03,02, Pi, fo, 01,04, 0i) 



« 4 


9 








«3 


5 








a 2 
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6 




«1 
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e 2 


h 


^4 



Figure 6: p(T). 



The collection {/o(T) : T e ZT p } consists of rt! points. In fact, it is simply the S^-orbit under the 
diagonal action of any one of its elements, where the diagonal action of S n on 2n-dimensional space is 
defined by 

0~(xi , . . . , X n ; yi , . . . , Un) '• — (-^cri , ■ ■ ■ , X Gn ? 2/cri , ■ ■ ■ , Va n ) 

for any a £ S n . For the rest of this paper we let 

R = Q[x,y] = Q[xi, . . . ,x n ;yx, . . . ,y n ] 

and use the grading u>i — 1 for all i — 1, ...,2n. We shall let R[ p ], ffT'R^], an d H[p ] denote the 
corresponding coordinate ring, its graded version, and the space of harmonics for the SVj-orbit {p(T) : 
T G XT P }. 

Garsia and Haiman [13] proved the following. 

Proposition 2.1. // (i,j) is a cell outside of p, then for any s G {1, . . . , n}, the monomial x\~ 1 y 3 s ~ 1 
belongs to the ideal grj[ p ^. In particular, if a monomial x p y q — x^ 1 ■ ■ ■ x^yf 1 ■ ■ ■ y^ n g" J[p^], then all the 
pairs (p s ,q s ) must be cells of p. 

Theorem 2.2. Let H M be the vector space of polynomials spanned by all the partial derivatives of 
A M (a;i, . . . ,x n ; yx, ■ ■ ■ , y n ) (see above). Then 

1. H M C H [Pm] . 

2. 7/dim(H Al ) = n\, then U p = H [(v] and J p = = grJy Pii y 

In 2001, Haiman solved the nl conjecture and proved that the dimension of H M is indeed n! [23] . 
Thus, Theorem 12.21 implies that for every partition p, J p — H p is the ideal in R generated by the set 

ff r{/GR : f( P (T)) = (VT G XT p )}. 

We deduce 
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Corollary 2.3. The following polynomials belong to the ideal J(i*-i. n _fe+i) •' 

(i) A(xi, . . . ,x„) + and A(yi, . . . ,y n ) + (the symmetric functions in x and y without a constant term), 

(ii) the monomials Xi x • • ■ Xi k (i\ < ■ ■ ■ < ik) and y^ ■ ■ - yi n _ k+1 (i\ < ■ ■ ■ < i n -k+i), and 
(Hi) the monomials xiy{ (1 < i < n). 

Proof. 

(i) The multiset of row-coordinates is the same for all injective tableaux of a fixed shape. Thus, for any 
/ G A(xi, . . . , x n ) + , g(z) := f(x\, . . . , x n ) — f(aii, ■ ■ ■ , «i, ■ ■ ■ , ctf.) is zero for all substitutions 
z — p(T), where T is an injective tableau of shape (n—k+1, Thus / = top(g) S Jf n —k+i,i k - 1 )- 
Similarly, for any / e A(y l5 . . . ,y n ) + , g(z) := f(yi, ...,y n )- f(0i, . . . . . . , f3 n - k+1 ) is zero 

for all substitutions z = p(T). Thus / = top(g) G J(n—k+i,i h ~ 1 )- 

(ii) In the shape (1 , n — k + 1) there are only k — 1 cells outside of row 1. Therefore g(z) := (xi 1 — 
a i) ' ' ' (^ifc ~ a i) i s zer0 for all 1 < «i < • • ■ < ifc < " and all z = /o(T). Thus Xi t ••• Xi k — top(g) G 
^(n-fc+i.i*'- 1 )- Similarly, g(z) := (y h - (3 X ) ■ ■ ■ (yi n _ h+1 -fii) is zero for all 1 < i\ < • • ■ < i n -k+i < n 
and all z = p(T). Thus y h ■ ■■y in _ k+1 = top(g) G J( n _ fc+X)1 *-i). 

(iii) Each cell of a hook shape is either in row 1 or in column 1. Thus g(z) := (a^ — ot\)(yi — (3%) is zero 
for all 1 < i < n and all z — p(T), so that xiyi = top(g) G J( n —k+i,i h - 1 )- 

□ 

In the sequel we will show that the polynomials in Corollary [23] actually generate the ideal i.„_fc+i)- 

3 Generalized Kicking-Filtration Process 

In this section we prove Theorem ll.5[ which implies Corollary 11.71 as a special case and Theorem 11.41 
The idea is to generalize the kicking process for obtaining a basis. The kicking process was used in an 
early paper of Garsia and Haiman [13] to prove the n!-conjecture for hooks. We combine ingredients of 
this process with a filtration. 

3.1 Proof of Theorem flT5l 

For every triple (A,c,A), where [n] — A U {c} U A and \A\ = k — 1, \A\ = n — k, define an (A,c,A)- 
permutation 7i7x, c ,A) G S n , in which the letters of A appear in decreasing order, then c, and then 
the remaining letters in increasing order. For example, if n = 9, k = 4, c = 5, A — {1,6,7} then 
K(A,c,A) = 761523489. 

For given n and k, order the N :— n (?"■,) distinct (A, c, A)-permutations in reverse lexicographic 
order (as words): 7Ti, . . . , ttn- If fli corresponds to (A, c, A), let rrn := rni A c ^\ (see Subsection 11.3.21 
above). 

For example, for n — 4 and k — 3, the list of (A, c, A)-permutations is 

7r ({34},2,{l}) = 4321, 7T({34} )1) { 2 }) = 4312, 7T({ 2 4},3,{1}) = 4231, . . . , 
7r ({13},2,{4}) = 3124, 7T({12},4,{3}) = 2143, 7r({i 2 },3,{4}) = 2134. 

and the order is 

4321 < L 4312 < L 4231 < L 4213 < L 4132 < L 4123 < L 3241 < L 3214 < L 3142 < L 3124 < L 2143 < L 2134. 

Thus the permutations are indexed by m = 4321, tt2 — 4312, ir^ — 4231, . . . , tth = 2143, 7Tat = 7Ti2 = 
2134 and the corresponding monomials are m\ = x±x%y\, ni2 — X4X3, TO3 = X4,y%, . . . , ran = j/3, m/v = 
mi2 = 1. 
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Let 

^0 : = J(l k - 1 ,n-k+l) 

and define recursively 

I t :=I t _ 1 +m t Q,[x,y) (l<t<N). 

Clearly, 

IoQhQhQ~-QIrr = Q[x,y]. 
The last equality follows from the fact that tum = 1. 
Observation 3.1. 

N 

H' (1 ,-x, n _ fc+1) = Q[x,y]/I = 0(/ t // t -i) 

as vector spaces. In particular, a sequence of bases for the quotients Itjlt-x, 1 < t < N, will give a basis 
for H' (lfc _ l n _ fc+1) . 

It remains to prove that the set rrit • Ba ■ C^, where Ba, Ca are bases of coinvariant algebras in xa 
and \)a respectively, is a basis for I t jlt~\- 
Consider the natural projection 

ft : m t Q[x,y] — > I t /h-i- 

Clearly, f t is a surjective map. 
Lemma 3.2. 

mt • I + 53<Vi) + (A[x]+) + (A[y]+) C Z t -i n m t Q[S, y] = ker (/ t ), 



so that ft is well defined on the quotient 



m t 



5>,> + X>) + <A[x] + ) + <A[y] + > 

i£A j^A 



m t ■ Q[x A ]/{A[x A }+) ■ Q[y A ]/{A[y A ] + )). 

Proof of Lemma 13.21 First, let i ^ A. We shall show that rritXi G It— i- Consider the four possible 
cases: 

Case XI. a > c for all a £ A, 

Then nit has all the x a (a G A) as factors, so that rritXi has exactly fc distinct x-factors and therefore 
belongs to I C (by Corollarv l2.3r ii)). 

Case X2. i < c and there exists a e A such that a < c. 

i $jL A and i =/= c, hence i £ A. As i < c, is a factor of m t . Hence is a factor of mtXi and 
therefore belongs to I C 7 t _! (by Corollarv l2.3( iii)). 

Case X3. i = c and there exists a G A such that a < c. 

Let ao := max{a G A : a < c}. Let i( c ,a ) be the transposition interchanging c with ao and let 
A' := (A\ {ao}) U {c}. By the definition of ao, m t > — mi A ',ao,A') divides m t Xi. To verify this, notice 
that for every j, such that Xj divides rrif, j G A' and j > gq. Hence j ^ ao and thus j G A. Also, 
by the definition of ao, for every j G A, j > ao j > c. It follows that divides mt. Finally, for 
every j, such j/^ divides rrif, j £ A = 4' and j < oq. Hence j < c and t/j divides m t . 

On the other hand, tt (a>0 ^ = t( C: a ) 7r (A, c ,A) <l ""(A.c.A)) since a o < c - Hence m t > = m {A , >ao>A -,) G 
I t _x and m t Xi G (mt/) C 
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Case X4. i > c and there exists a £ A such that a < c. 

Let ao :— max{a 6 A : a < c} as above. Let i( ao ,i.c) be the 3-cycle mapping ao to i, i to c and c to 
a . Let A' := (A\{a })U{i} and m t , = m (A , Qo A , } . Then 7r (j4 , Qo A , } < L t [ao ^ c] n {A ^ A) < L n {AcA) , 
since ao < c < i. Thus t' < t. 

On the other hand, m t ' — ™(A',a ,A') divides m t Xi. This follows from the implications below: 

i' G A' and i' > ao =>■ i = i or i > c. 
Hence, every a^/ which divides me divides also m t Xi. Also 

j' e A' and j' < a => j' £ A and j' < c, 
Hence, every j/j' which divides mf divides also nitXi. 

We conclude that m t ' = m^A',a ,A) e h-i and ( m tXi) Q ( m (A>,a ,A)) Q h-i- 
Similarly, by considering four analogous cases, one can show that if j ^ A then rrityj € h-i- 
Finally, observe that, by Corollarv l2.3f i). m t (A[x] + ) C I C I t _ 1 and m t (A[y} + ) C 7 C I f _i. 
This completes the proof of Lemma 13.21 □ 

Now, recall that B A and C A are bases for the coinvariant algebras Q[iA]/(A[a; J 4] + } and Q[y A ]/ (A[y A ] + ) 
respectively, so that m t ■ B A ■ C A spans m t ■ Q[x A ]/ (A[x A ] + ) ■ Q[y A ]/ (A[y A ] + ). 
In order to prove Theorem II. 5\ it remains to show that for every 1 < t < N, 

(a) m t ■ B A ■ C A is a basis for m t ■ Q[x A }/ (A[x A } + ) ■ Q[y A }/ (A[y A } + ) , and 

(b) ft is one-to-one. 
Indeed, by Lemma I5~2l 

dim {It/h-x) < dim (m t ■ Q[x A ]/{A[x A }+) ■ Q[y A }/ (A[y A } + )) < 

dim (Q[x A ]/(A[x A }+}Q[y A ]/(A[y A ]+)) = (k - 1)! • (n - k)\ (23) 

The last equality follows from the classical result that the coinvariant algebra of S n carries the regular 
^^-representation [2U §3]. 

If there exists 1 < t < N such that either (a) or (b) does not hold, then there exists t for which a 
sharp inequality holds in (f!?3")) . Then 

dim H' (lt _ v _ fc+1) = dim (Q[2,v]/Io) = ^dim (7 t /7 t _i) < N(k-l)\(n-k)\ =n( (fc-l)!(n-fc)! = n\ 



1=1 

contradicting the n\ theorem. This completes the proof of Theorem ll.5l 



□ 



3.2 Applications 

Proof of Corollary 11.71 By choosing B A and C A in Theorem 11.51 as Artin bases of the corresponding 
coinvariant algebras we get the A:-th Artin basis (b^). 

By choosing B A and C A as descent bases we get the fc-th descent basis (a^). 

Finally, by choosing B A as a descent basis and C A as an Artin basis we get the fc-th Haglund basis 

□ 
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Proof of Theorem 11.41 Let J' be the ideal of Q[x, y] generated by A(xi, . . . ,x n ) + , A(yi, ■ ■ ■ ,y n ) + and 
the monomials x h ■■ - x ik («!<•••< i k ), y^ ■ ■ -yi„_ fc+ i (h < ■ • • < i n -k+i), and nyi (1 < i < n). By 
Corollary [231 J' Q >^(i fc -i,n-fc+i)- 

In the above proof of Theorem ll.51 if one replaces Iq :— Jnk-i „„j. +1 ) by Iq := J' , the same conclusions 
hold: 

N 

dim (Q[x, y]/ J') = dim ( J t/ J t-i) < ~ !)K« - = n! 
t=i 

On the other hand, by [13], 

dim (Q[x,y]/f) > dim (Q[5,y]/J(ifc-i, n _ fe+ i)) = dim H' (1 *_ I)7l _ fc+1 j = n! 
Thus equality holds everywhere, and J' = Jn it-i in _ fe+i). □ 



4 A k-th Analogue of the Polynomial Ring 

The current section provides an appropriate setting for an extension of the straightening algorithm from 
the coinvariant algebra [4j [1] to the Garsia-Haiman hook modules. The algorithm will be given in Section[5] 
and will be used later to describe the S^-action on HL h _ t n _ fc+1 ) and resulting decomposition rules (see 
Section [6|) . 

4.1 Vn and its Monomial Basis 

Definition 4.1. For every 1 < k < n let T k be the ideal in Q[xi, . . . , x n , y±, . . . , y n ) generated by 

(i) the monomials Xi t ■ ■ ■ x, lh (1 < i\ < ■ • • < ij, < n), 

(ii) the monomials y^ ■ ■ ■ yi n _ h+1 (1 < i\ < ■ ■ ■ < i n -k+i < n), and 
(Hi) the monomials xiy{ (1 < i < n). 

Denote 

: = Qfci, ■ ■ ■ ,x n ,yi, ■ ■ .,y n \/Tk- 

Claim 4.2. The ideally is contained in the ideal J(]fc-i in _fc+i) ■ 

Proof. Immediate from Definition 14.11 and Corollary |2.3l □ 

n n 

Definition 4.3. For a monomial m = Yi X T Yi Vj ^ QI^i, ■ ■ • , x n , yi, . . . , y n ] define the x-support and 
the y-support 

Supp 2 .(m) := {i : p, t > 0}, Supp y (m) := {j : qj > 0}. 

Definition 4.4. Let be the set of all monomials in Q[xi, • ■ • ,x n , y%, . . . , y n ] with 

(i) |Supp :E (m)| < k — 1 
(ii) |Supp y (m)| <n — k, and 
(Hi) Supp a .(m) fl Supp y (m) = 0. 

Observation 4.5. {m +2/. : me M^} is a basis for . 
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Example 4.6. Let k = n. Then 

V { n n) ^Q[x 1 ,...,x n ]/(x 1 ---x n ), 

and M n n ' consists of all the monomials in Q[xi, . . . , x n ] which do not involve all the x variables, i.e., are 
not divisible by x\ ■ ■ ■ x n . Similarly, 

^Q[yi,...,y n }/(yi---y n ), 

and M n consists of all the monomials in Q[j/i, • . • , y n ] which do not involve all the y variables. 

4.2 A Bijection 

Next, define a map ^ : -> M^ n) . 

Every monomial m G M n has the form m = x^ 1 ■ ■ ■ x^^ 1 ■ y^ 1 • • • y^ 1 ~* (with disjoint supports of 
x's and y's). Let u := max.,- qj and define 

^ (m) := x^ ■ ■ ■ x^ ■ xj? 1 • ■ • x]*"-* ■ (x x ■ ■ ■ x n )\ 

Notice that if u = 0, then ^ k \m) = m G n Q[£i, . . . ,x n ] has |Supp a .(m)| < fc — 1 < n — 1 so that 
ip( k }(m) G M n n \ and, if u > is attained at j/ JO , then the exponent of Xj in ip( k ^(m) is zero so that again 

Example 4.7. Let n = 8, k = 5, and m = x^x^x^y^y 3 G M^ 5%> . Then u — 3, j = 2, and 

^ k) (m) = xfx 6 4 x 5 7 XQ 2 Xz 3 ■ ( Xl ■ ■ -x 8 ) 3 = 3%a%$x\x\xlak G AtjfK 

We claim that the map is a bijection. This will be proved by defining an inverse 

map <f>W : -> M [k) . 

Recall from [I] that the index permutation of a monomial m = Yi7=i X T G Qfcii • • • > x n] is the unique 
permutation n = 7r(m) G S n such that 

(i) Pvr(i) > Ptt(»+i) (1 < i < n) 

and 

(m) p w(i) = p ff ( i+1 ) => 7r(i) < 7r(i + 1). 

In other words, 7r reorders the variables Xi by (weakly) decreasing exponents, where the variables with a 
given exponent are ordered by increasing indices. Also, let A = X(m) — (Ai, . . . , A„) be the corresponding 
exponent partition, where A^ is the exponent of x„r{\ in m. Finally, let A' = (A' 1; . . . , A^) be the partition 
conjugate to A. 

Every monomial m = Ylu=i X 7r\i) ^ can thus be written in the form 

i 

t—1 

Note that, since m is not divisible by x\ ■ ■ ■ x n , A„ = and therefore X' t < n (Vi). Define 
4> {k \m):= Yl ■ ■ ■ x*(\' t )) ■ II (y*(X> t +l)--'y*{n))- 

\' t <k-l \' t >k 

Proposition 4.8. V (fc) : M n k) -» Af r ( ™ } and ^ : -» are inverse maps. 
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Proof. Take a monomial m = n"=i x ^(i) e M as above. Then 

Supp x (^ fe )(m)) C {7r(l),...,7r(fc-l)}, 
Supp y (^ fe )(m)) C {7r(fe + l),...,7r(n)}, 

and therefore <j)^ (to) g . 

Now apply tp^ to ^ k \m). Clearly, the highest exponent of a y-variable (say y^( n )) in 4>^ k \m) is 
?i = #{i : A; > fc} (= A fe ). Thus 

i> {k) {cj) {k) (m)) = Yl ■ ■ ■ x AK) ) ■ \{ (x 7r(A;+1) ---x 7r( „ ) )- 1 -(x 1 ---x„) u 

A£<fc-1 AJ>fc 

n (^(l)---^^))- n ( x *w' x *(K)) =m - 

\' t <k-l \' t >k 

Conversely, take m! G Mn \ We want to show that (f>^ (ip^ (to')) = to'. We can write 

k— 1 n 

m '=n<w- n c w . 

i=l i=fc+l 

where /Ji > . . . > /J,k-i > and < fik+i < • • • < A*n- Here 7r is the unique permutation that orders 
first the indices i G Supp x (m'), then the indices i g" Supp 2 ,(m') U Suppj / (m'), and then the indices 
i G Supp !/ (m'). The x-indices are ordered by weakly decreasing exponents, the y- indices are ordered by 
weakly increasing exponents, and indices with equal exponents are ordered in increasing (index) order. 
The variables with a given exponent are ordered by increasing indices. The highest exponent of a y- 
variable in to' is u = and therefore 



k— 1 n n 

A; 
7r(i) 

i— 1 i=fc+l i— 1 



where 

u + fii, if 1 < i < fc — 1; 
Ai = < m, if i = fc; 

u — in, if fc + 1 < i < n. 

It follows that A = (Ai, . . . , A„) is the index partition of -0^ (to'), and the conjugate partition A' satisfies 

\' t > k <^=^ t < u = fi n . 

The map 4>^ replaces, for each t with \' t > k, the product i^^j • • • x„(\' t ) by the product J/^aj+i) • ■ ■ y v ( n )- 
It therefore reduces by u the exponent of each Xi with i < k, removes all the x t with i > k + 1, and 
replaces them by yi with exponents u — A, = fa. This implies that 

k— 1 n 



w fe V))=n<(;r n ^)=< 



i=l i=fe+l 

as claimed. 

□ 

Corollary 4.9. The map i/> (fe) : M^ k) -> M^ n) is a bijection. 
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4.3 Action and Invariants 
Definition 4.10. For 1 < m < n — 1 ZeZ 



e m (a;) = e m (xi, . . . ,x n ), i/l<m<fc-l; 
e n - m (y) = en^miyi, . . .,y n ), if k < m < n - 1, 



where e m (x) is the m-th elementary symmetric function. 
For a partition fi = (0 < ji\ < • • • < fig) with fig < n let 



For eff/ we shall frequently use the short notation e n . 
Consider the natural S* n -action on Vn , defined by: 

■x{xi) := x^(i), 7r(y 4 ) := y^ {i) , (Vtt £ 5 n , 1 < i < n) 
Proposition 4.11. For every a £ S n and 1 < k < n, 

<7^( fc ) = V> (fc) cr. 

Corollary 4.12. 7 ? r l fe ' ) tmcZ T 3 ^"' are isomorphic as S n -modules. 



Let Vn be the algebra of SVi-invariants in . Proposition 14. 1 II implies 
Corollary 4.13. For any 1 < k < n, 

1. Vn^ is generated, as an algebra, by , 1 < m < n. 



2. The set {eft : \i = (m < ■ ■ ■ < 

(k) ^ n 

mug) with fig < n} forms a (vector space) basis for V n 

3. For every partition fi = (fii < ■ ■ ■ fig) with [i£ < n, 

^(ef) = e, 

Remark 4.14. By Proposition 14.111 and send invariants to invariants. Unfortunately, these 
maps are not multiplicative and they do not send the ideal generated by invariants (with no constant 
term) to its analogue. For example, X1X3+X2X3+X3 = rr^-ei^i, X2, 23) £ 1^ but <fi( 2 > (X1X3+X2X3+X3) = 

y2+Vl+xl^ 7(2,1). 

In order to define the "correct" map, recall the definitions of the Garsia-Stanton basis element and 
the fc-th descent basis element ai corresponding to 7r £ S n (see Definition |1.2|) . 

Claim 4.15. For every 7r £ S n and 1 < k < n, 

In the next section it will be shown that {a^eft ■ 7r £ S n , fi = (fii < • • • fj-i) with fii < n} forms a 
basis for Vn . Thus the map 

^\a^-eft),= ^\a^).^\eft)=a^e, 

extends to a linear map ijjW : Vn — » Vn that clearly sends the fc-th ideal generated by invariants to 
its n-th analogue. 
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5 Straightening 
5.1 Basic Notions 

We now generalize several notions and facts which were used in [I] for straightening the coinvariant 
algebra of type A. Some of them were already introduced in the proof of Proposition 14.81 above. Proofs 
are similar to those in pQ, and will be omitted. 

(k) 

Each monomial m € M„ can be written in the form 



fe-i 

m 

i i=fe+l 



II <*; n y%)> ( 24 ) 



where px > . . . > Pk-i > and < Pk+i < ■ ■ ■ < Pn- Here n — 7r(m), the index permutation of m, is the 
unique permutation that orders first the indices i G Supp :r (m), then the indices i $ Supp :c (m)USupp 1( (rn), 
and then the indices i € Supp a (m). The x-indices are ordered by weakly decreasing exponents, the y- 
indices are ordered by weakly increasing exponents, and indices with equal exponents are ordered in 
increasing (index) order. 

Observation 5.1. The index permutation is preserved by ip^ k \ i.e., for any monomial m € M n k ^ 

tt(to) = ir(^ k \m)). 

(k) / \ (k) 

Claim 5.2. Let m be a monomial in M„ , tt — w(m) its index permutation, and a)r the corresponding 
descent basis element: 

k—1 n 



n x *h ■ n y *h> 

i=l i=fe+l 



i=l i=fc+l 

Then: the sequence (pi — d\ k \ir)) k ~^ of x- exponents in m/aS consists of nonnegative integers, and is 
weakly decreasing: 

Pi - d[ k) (ir) >...> p k -x - 4_i W > 0, 

and the sequence (Pi - 4 vOJi^k+i of y -exponents m/4- consists of nonnegative integers, and is weakly 
increasing: 

< Pk+i - 4+1 W < • • • < Pn ~ d ( n k) (n). 

For a monomial m £ M,^ of the form (|24[) with index permutation jt e S„, let the associated pair of 
exponent partitions 

A(m) = (A x (m), A„(m)) := ((pi,P2, ■ ■ ■ ,i?k-i), (p n ,p n -i, ■ ■ ■ ,Pk+i)) 

be its exponent bipartition. Note that A(m) is a bipartition of the total bi-degree of m. 

Define the complementary bipartition p^(m) — (/j, x (m), jjL y {m)) of m to be the pair of partitions 
conjugate to the partitions (pi — 4^( 7r ))i= 1 and (pi — d[ k \ir)) k ^ respectively; namely, 

(Mx)i ■= |{1 < i < k- 1 : Pi - 4 fe) W > J}\ (Vi) 

and 

(//„),■ := |{fc + 1 < i < n : Pi - d^ (it) > j}\ (Vj). 
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If k = n then, for every monomial to G M„ , fJ- y (m) is the empty partition. In this case we denote 

H(m) := fj, x (m). 

(k) 

With each to G M„ we associate the canonical complementary partition 

v{m) := fi(Tp^(m)). 

Example 5.3. Let to = xfy^x^y^Xg with n — 7 and k = 5. Then 

m = x\x\x\y\y\, A(m) = ((3,2,2,0), (4, 1)), tt - 6134752 e S 7 , 
<4 8) = ^ysZ/f , A(al 5 )) = ((1,0, 0, 0), (2, 1)), ^\m) = ((2, 2, 2, 0)', (2, 0)') = ((3, 3), (1, 1)), 
V> (5) (m) = xlx\xlx%x^x\, a, = s^rcija^af^s, ^( m ) = MV> (5) M) = (4,4,4,2,2,2)' = (6,6,3,3). 

Definition 5.4. 1. For two partitions A and fi, denote X < /i if X is weakly smaller than /i in dominance 
order. For two bipartitions A 1 = (ji , v 1 ) and A 2 = (/i 2 , v 2 ), denote A 1 < A 2 if pi 1 < /i 2 and v 1 <v. 

2. For two monomials mi,TO2 G of the same total bi-degree (p, q), write m\ mi if-' 

(1) A(toi) < X{m2); and 

(2) if A(mi) = X(m2) then inv(7r(mi)) > inv(7r(m2)). 
5.2 The Straightening Algorithm 

Lemma 5.5. Let m G M-tt be a monomial. For 1 < d < n — 1, let Sr,n be the set of all monomials 

which appear (with coefficient 1) in the expansion of the polynomial to ■ el G Vn . Let tt = 7r(m) be the 
index permutation of to and denote 



m •••x 7r ( d ), ifl<d<k-l; 

m-y^^+iyy^, ifk<d<n-l. 

Then: 

(1) m(d) G S(d). 

(2) (to' G 5(d) and to' ^ m( d ))=Hrc' -< fe m( d ). 

The proof of Lemma l5.5l is similar to the proof of [TJ Lemma 3.2] and is omitted. 

Corollary 5.6. Let to G M^' foe a monomial, tt — 7t(to) its index permutation, and v — fi(ip^ (to)) £/ie 
canonical complementary partition of m defined in Subsection \5.1\ Let S be the set of monomials which 
appear (with nonzero coefficient) in the expansion of ■ el G Vn ■ Then : 

(1) to G S. 

(2) (to' G S and m! ^ m)=^m' -<j. to. 
A straightening algorithm follows. 

A Straightening Algorithm: 

For a monomial m G vli \ let it — 7t(to) be its index permutation, effl the corresponding descent basis 
element, and v = jjL(^ k \m)) the corresponding canonical complementary partition. Write (by Corollary 



to = a« • eW - E, 
where E is a sum of monomials to' to. Repeat the process for each to'. 
The algorithm implies 
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Lemma 5.7. (Straightening Lemma) Each monomial m € vi^ has an expression 

(k) (k) sr^ (k) (k) 



7r(m)°i/(m) ^ Z^Z " m '. mU, ir(m') c 'i'(m') ' 

where n rn i, m are integers. 

The Straightening Lemma yields a direct proof to the following special case of Theorem 1 1.5 1 
Corollary 5.8. The set {<zi : ir £ S n } forms a basis for U'^ lk _ 1 n _ k+1 y 

Proof. Recall that Vn := R/Zfc, where R := Q[xi, . . . , x n , y\, . . . , y n ] (Definition 14. 1[) . Let 1% be the 
ideal of R generated by the elementary symmetric functions (1 < d < n — 1). By definition, these 
functions are symmetric functions of either x or y. Thus, Corollarv l2.3l and Claim [4~2l 

Ik + Ik Q ^(lfc-i.n-fc+l)' (25) 

By Lemma \5. 71 {at fc -* : 7r € 5„} spans R/(Xfc + /°) and therefore also R/J^t-i , n -k+i) as vector spaces 
over Q. 

On the other hand, by [13j . dim (R/«7(i*-i, n _fe+i)) = S^l, and therefore {ai^ : ir £ S n } is actually 
a basis for H' (lfc _ l ji _ A , +1) = R/J (lfc -i„_ fe+1) . □ 

Second Proof of Theorem 11.41 From the proof of Corollarv l5.8l it follows that 

dim (R/(T fc + Jg)) = dim (R/ J (lfc -i,„_ fc+1) ). 
Combining this with inclusion (|25[) . it follows that 

3-k + Ik = ■^(X fc - 1 ,n-fc+l)' 

This completes the proof. □ 

6 Descent Representations 

Recall the definition of the Solomon descent representation p A from Subsection 11.4.11 The following 
theorem is well known. Recall the definition of Des(T) in Subsection ll.4.21 

Theorem 6.1. For any subset A C [n — 1] and partition fi h n, the multiplicity in the descent represen- 
tation p A of the irreducible S n -representation corresponding to /i is 

m A := #{T e SYT(p) : Des(T) = A}, 

the number of standard Young tableaux of shape fj, with descent set A. 

Recall the definition of a bipartition and the domination order on bipartitions from Definition 15.41 1. 
Recall the subspaces I^- and of the ^-module H/ lt _ 1 n _ k+1 \, and the quotient := 1^-/1^^, 
defined in Subsection II. 4. II 

Proposition 6.2. , /W* 3 an d £/j MS jjW are S n -invariant. 

Proof. Follows from the straightening algorithm. □ 
Recall that A = ((/ii > • • • > /ife = 0), > ■ ■ ■ > v n -k — 0)) is an (n,k) partition, if V(l < i < 
k-l) (m - m + i G {0, 1}) and V(l < i < n - k) (v t - e {0,1}). 

Lemma 6.3. Let A = (/i, v) be an (n, k) -bipartition. Then ^ {0} and {a^ + ; Des(7r) = A\} 
is a basis for R * , where A\ is defined as in i f 11)) . 
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The proof is analogous to the proof of [TJ Corollary 3.10]. 

(fe) 

Theorem 6.4. The S n -action on R\ is given by 

(ai% ii\ir- 1 (j + l)-7r- 1 (j)\>l; 

Si (af) = I a<£\ if + 1) = ^(j) + 1; 

_ffere Sj = + 1) (1 < j < are i/ie Coxeter generators of S n ; {a4 + : Des(7r) = A\} is the 

descent basis of ; for ir G S\ with 7r~ 1 (j + 1) = 7r _1 (j) — 1 we define 



t 

TO 2 



= max{i e Dcs(tt) U {0} : i < t - 1}, 
= min{i e Dcs(7r) U {rt} : i > £ + 1} 



(so that 7f(i) = j + 1, 7r(t + 1) = j, and {toi + 1, . . . , to 2 } is i/ie maximal interval containing t and t + 1 
on which sjtt is increasing); and let Aj(w) be the set of all a G S n satisfying 

1. (i < mi or i > to-2 + 1) => cr(i) = 7r(i); 

,2. i/ie sequences (o~(mi + 1), . . . , cr(i)) cmd (cr(t + 1), . . . , o"(TO2)) are increasing; 
3. g $ {tt, Sj w} (i.e., {a(t),a(t + l)}^{j,j + l}). 
Example 6.5. Let ir = 2416573 G S 7 and j = 5. Then: 

j = 5, j + 1 = 6; t = 4, t + 1 = 5; 

Des(7r) = {2,4,6}; m x = 2, to 2 = 6; s^-tt = 24 1567 3; 
Aj(Tr) = 12417563. 2456173. 2457163. 2467153). 
Note that |^(7r)| = (™) - 2 = (*) - 2 = 4. 

Corollary 6.6. T/ie S n -representation on R x is independent of k. 

Proof of Theorem 16.41 If |7r _1 (j + 1) — 7r _1 (j)| > 1 (i.e., if j and j + 1 are not adjacent in the sequence 

(fe) (fe) 

(7r(l), . . . , 7r(n)j), then Des(sj7r) = Des(7r) and therefore Sj(a-h ) = da/*. 

If 7r _1 (j + l) = 7T (j)+l then j immediately precedes j + 1 in the sequence (7r(l), ■ ■ ■ , 7r(n)). Therefore 
t := 7r _1 (j) ^ Des(7r), so that: if t + 1 < fe — 1 then and £j+i have the same exponent in a* ; if 
i > fc + 1 then y,j and y^+i have the same exponent in ; and if i 6 {fe — 1, k} then none of the variables 
Xj, xj + i, y.j and y.j+i appears in o4 . In all of these cases we have Sj(a^) — ai . 

We are left with the most involved case: 7r _1 (j + 1) = 7r _1 (j) — 1. Recall the notations t, mi, to 2 
and Aj(7r) from the statement of the theorem. In particular, recall that ir(t) = j + 1, 7r(t + 1) = j, and 
{toi + 1, . . . , to 2 } is the maximal interval containing t and t + 1 on which Sj-tt is increasing. 

Assume first that to 2 < fc. The variables x^i mx +i) , • ■ ■ , x n / m2 \ are all the re-variables having the 

same exponent in oi^i as Xj (and xj + i). Since t G Des(7r), the exponents of jc^-zi) , . . . , % w (t) in 

are 1 higher than the corresponding exponents in astir. Thus the product atX ' e t( x ) ( m "Pn^) is a 

sum of (™) monomials, one of which is a4 . In all of these monomials, t of the a;- variables have their 

exponent increased by 1 (with respect to a^lr). If these t variables miss any one of avm, ■ ■ ■ ,i r ( mi ), 

(fe)<j 

or include any one of 2:^(7712+1)1 . . . , #„■(„), then the monomial belongs to J\ and contributes nothing 
to R^ . The remaining ("l"^ 1 ) monomials are: ai' c '' for a G Aj (71"), oX' c ' ) = a^i ■ 2^(1) ••■^^(t), and 
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Sj(a^) = a,s% ■x S w{i) ' ' ' x sn{t)- On the other hand, ai'flr ■ e t {x) = in i?^ since 1 < t < to 2 — 1 < fc — 1. 
This proves the claim of the theorem in this case. 

If mi + 1 > fc, then an analogous argument holds for y- instead of x-variables, and here aij| r -e rl _t(y) = 

(k) 

in R^ since I < n — t < n — toi — 1 < n — fc. 

Finally, if mi + 1 < fc < ?7i2, then the variables ^^(mi+i), ■ ■ ■ , 2 ; 7r(m 2 ) (and the corresponding y- 
variables) do not appear at all in ai%- If t < k — 1 (respectively, t > k) then ai^i • et(a;) (respectively, 
aijl • e n - t (y)) is, again, a sum of ("J!^™ 1 ) monomials: ai fc) for a £ A,-(7r), at fc) = a[% ■ x„(i) ■ ■ ■£„■(*) 
(respectively, ai k) = a!^ • y T(t+1) • ■■y n ( n )), and s 3 (ai fc) ) = • a; Sj7r(1) • • -a^^t) (respectively, Sj(ai fc) ) = 
aijl • y Si 7r(t+i) • ■ • y SJ7 r(n))- This completes the proof. 

□ 

Theorem 6.7. Lef A = (/i, ^) &e an (n, k)-bipartition. is isomorphic, as an S n -module, to the 

Solomon descent representation determined by the descent class {it G S n : Des(7r) = A\}. 



Proof. By Theorem 16.41 together with Lemma 16.31 for every Coxeter generator Si, the representation 

(k) (n) 

matrices of Si on R x and on R x with respect to the corresponding fc-th and n-th descent monomials 
respectively are identical. By [TJ Theorem 4.1], the multiplicity of the irreducible ^-representation 
corresponding to fi in w*' is ms i(J :=#{Te SYT(p) : Des(T) = A\ }, the number of standard Young 
tableaux of shape \i and descent set A\ . Theorem 16.11 completes the proof. 

□ 

Let R\i \ 2 be the (ti,t2)-th homogeneous component of H'^ lfc _ 1 n _ k+1 y 

Corollary 6.8. For every t\, £2 > and 1 < fc < n, the (tx, t%)-th homogeneous component ofH'^ lk _ 1 n _ k+1 ^ 
decomposes into a direct sum of Solomon descent representations as follows: 



where the sum is over all (n,k)-bipartitions and 

^2 {n-i)=t 1 , ^2 * = < 2 

t / i>i y i + l and i>k fii>fj,i+i and i<k 

Finally, Theorem 16.71 implies Stembridge's Theorem ll.161 
First Proof of Theorem 11.161 Combine Theorems 16.11 and 16.71 with Corollary [6 



□ 

7 The Schur Function Expansion of //(^ 1 n _ fc+1 )(x; 

In this section we give a direct combinatorial proof of Theorems 11.161 and 11.171 using the axiomatic 
characterization of Macdonald polynomials and properties of the RSK algorithm. 

7.1 Preliminaries 

A skew Young diagram A//i is the difference of Young diagrams A and fi C A. A skew diagram is 
a horizontal strip (resp. vertical strip) if it does not contain two cells in the same column (row). A 
semistandard Young tableau of (skew) shape A is a function T from the diagram of A to the ordered 
alphabet 

A+ = {1< 2 < ...} 
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which is weakly increasing in each row of A from left to right and strictly increasing in each column from 
bottom to top. A semistandard tableau is standard if it is a bijection form A to {1, . . . ,n — |A|}. More 
generally, we shall admit the ordered alphabet 

A± = A+ U A- = {1< 1 < 2 < 2 < • • • } 

of positive letters 1,2,... and negative letters 1,2,.... For any alphabet B, we let B* denote the set of 
all words over B and B n denote the set of all words w 6 B* of length n. 

A super tableau is a function T : A — > A± which is weakly increasing in each row and column and 
is such that the entries equal to a occupy a horizontal strip if a is positive and a vertical strip if a is 
negative. Thus a semistandard tableaux is just a super tableau where all the entries are positive. We 
denote 

SSYT(X) = {semistandard tableaux T : A -> A + } 
SSYT±(X) = {super tableaux T : A -> A±) 
SSYT(X, fi) = {semistandard tableaux T : A -> A+ with entries l Ml , 2^ 2 , . . .} 
SSYT± (A, fi, v) = {semistandard super tableaux T : A -> A+ with entries l Ml , V 1 , 2^ 2 , T 2 , . . .} 
STT(A) = SSYT(X, 1") = {standard tableaux T : A — >• {1, . . . , n = |A|}} 

If T is any one of these types of tableaux, we shall let sh(T) = A denote the shape of T, pos(T) denote 
the number of positive letters in the range of T and neg(T) denote the number of negative letters in the 
range of T. 

We write ( , ) for the Hall inner product on symmetric functions, defined by either one of the identities 

(hx, m,j,) = Sx,^ = (s\, s M ). (26) 

We denote by u) the involution defined by either one of the identities 

w(h\) = ex, u(e\) = hx, = s x > (27) 

We shall use square brackets f[A] to denote the plethystic evaluation of a symmetric function / 
at a polynomial, rational function, or formal power series A. This is defined by writing / in terms 
of the power symmetric functions and then substituting for p m (x), where p m [^4] is the result 

of substituting a — > a m for every indeterminate a. The standard A-ring identities hold for plethystic 
evaluation, e.g. sx[X + Y] = J2fj,c\ 8 /j.[X] 8 \/hW]i e ^ c - I n particular, setting Z = z\ + Z2 + ■ ■ ■ , we have 

If W = wi + ui2 + • ■ ■ and / is a symmetric function, we shall use the notation 

u w f[Z + W] (28) 

to denote the result of applying u) to f[Z + W] — f{z\, Z2, ■ ■ ■ , w±, W2 ■ ■ ■) considered as a symmetric 
function in the w variables with functions of z as coefficients. Equations (|27p and (128|) then imply that 
the coefficient of a monomial z fJ "w' n = z^ztf 2 ■ ■ ■ w^w^ 2 • ■ • in u w f[Z + W] is given by 

w w f[Z + W]\ z » w n = (f^Whpiw)). (29) 

If T is a semistandard tableau of (skew) shape A, we set 



z 



Then the usual combinatorial definition of the Schur function sx is 



sx(z 1 ,z 2 , . . .) = ^2 z T . (31) 

TeSSYT(\) 
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Throughout what follows, we fix 

Z = Z\ + z 2 H , W — w\ + w 2 H , 

and make the convention that 

Za stands for w a , for every negative letter a £ A^. 
Then the "super" analogue of ([31]) is 

HS x {z,w) =u w s x [Z + W] = J2 zT ( 32 ) 

T<£SSYT ± (X) 

We shall refer to HS\(z,w) as the super Schur function, but it is also called a hook Schur function 
HS\(z,w) by Berele and Regev [8]. We note that the right hand side of ([32]) is actually independent of 
the relative order of positive letters A + and negative letters A^. That is, if A + is ordered 1 < 2 < • • • 
and A- is ordered 1 < 2 <, then the RHS of (|3"2"|) is independent of the relative order between the positive 
and negative letters. Thus, for example, if we let 1 < 2 < • • • < T < 2 < • • • , the a super tableaux T of 
shape A will consists of a pair of tableau (Ti,T 2 ) where T\ : jj, — > A + is a semistandard tableau of shape 
/i for some /iQ and T 2 : A'/// — > A- is a semi-standard tableau of shape A' /// or, equivalently, we can 
think of T 2 as a row strict tableau of shape \j \x by conjugation. Thus we can think of T as a filling of 
A with positive and negative numbers such that positive numbers form a column strict tableau of shape 
fi and the negative numbers form a row strict tableau of shape A/ u. Given such a T, we can achieve a 
super tableau T 1 from T corresponding to any other relative order between A + and A- by using jeu de 
taquin to move the negative numbers past the positive numbers as was done in [30] |31] . Another proof 
of the independence of the RHS of (|3Tj) of the relative order of the positive and negative letters can be 
found in [29]. It follows that 

HS x (z,w) - Yl s„[Z]s x , /lJt ,[W}. (33) 

Similarly, it follows that the RHS of ([32]) is also independent of the relative order of the positive letters 
among themselves and the relative order of the negative letters among themselves. 

7.2 Second Proof of Theorem 11.161 

As noted in [2T], the set {H^Z; q, ^l^hn can be characterized as the unique basis of the space of homo- 
geneous symmetric polynomials of degree n over the field F = Q(g,i) of rational functions in q and t, 
that satisfies the following three properties: 

Al H^Ziq- l);q,t] = J2 P ^ c p ^m p [Z]. 

A2 H fl [Z(t-l);q,t]=j: p ^d p , ti m p [Z}. 

A3 Hftlzi, . . . ,z n ;q,t]\ z n = 1. 

where < denotes the dominance order. 

The row insertion algorithm of the Robinson-Schensted-Knuth (RSK) correspondence has the property 
that if ai • • • a n is a sequence of positive letters and 

ai ■ ■ ■ a„ ^rsk (P, Q) 

where P is a semistandard Young tableau, Q is a standard tableau, sh{P) = sh(Q), and 
1. if ai < a,_|_i, then i + 1 lies strictly to right and weakly below i in Q and 
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2. if cij > a^+i, then i+ 1 lies strictly above and weakly to the left of i in Q. 

Given a sequence of positive letters a = a\ . . . a n , some 1 < k < n, and some linear order -< on .A+, we 
let (in analogy with the corresponding definitions for tableaux in Subsection 11.4.21 above) 

maj 1)fc (o,^) = 1 ( 34 ) 

l<i<k,ai ya,i+i 

and 

comaj fc n (a, -<) = ^ ( n ~ *) ( 35 ) 

It then follows from Theorem 11.161 and the properties of the RSK algorithm that 

H(\k-i^ n _ k+V) [Z;q,t] = ^2sx[Z]k x(1 k-i n _ k+1) (q,t) (36) 

Ahn 

= z p g™ji,n-M-i(Q)i coBM jn-k+i,»w) 

Ahn _P£SSYT(A) QGSYT(A) 

= Zai . . . Za g ma ji,, 1 -fc+i( a ^)i coma j„-fc+i,„( a .^) > 

a— ai ■ ■ -a^ G^IL 

To prove (Al) and (A2), we need to interpret H^[Z(q - 1)] and H^[Z(t - 1)]. Note that 

£T M [Z(g-l)] - X) *a[5^--Z]^a,m(3.*) (37) 

Al-l/xl 

= £ £ ^](-l) |A/l/ W^] 

Ah|/x| fCA 

Here we have used the A-ring identity 

s x [X-Y] = J2 s u [X](-l) Wvl s y/ AY]. 

Our goal is to get an interpretation of H( 1 k n _ k ^ [Z(l — q)] in terms of statistics on words which is similar 
to (|36|) . To this end, we shall consider an extension of the RSK algorithm to words over A± where we row 
insert positive letters and dual row insert negative letters as in [30] . Recall that in the dual row insertion 
algorithm of the Robinson-Schcnsted-Knuth (DRSK) correspondence, an x bumps the first element which 
is greater than or equal to a; in a row into which x is inserted as opposed to x bumping the first element 
which is greater than x in a row into which x inserted in row insertion algorithm. The DRSK algorithm 
has the property that that if a\ ■ ■ ■ a n is a sequence of negative letters and 

ai ■ ■ ■ a n —>drsk (P, Q) 

where the transpose of P, P T , is a semistandard Young tableau, Q is a standard tableau, and sh(P) = 
sh(Q), then 

1. if ai < ttj+i, then i + 1 lies strictly to right and weakly below i in Q and 

2. if di > aj+i, then i + 1 lies strictly above and weakly to the left of i in Q. 

Given a word w = w\ ■ ■ ■ w n £ A±, 1 < k < n, and some fixed linear order -< on A±, we shall let 

1. neg(w) be the number of negative letters in w, 

2. pos(w) be the number of positive letters in w, 
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3. Des(w, -<) be the set of all i such that 

(i) a, >z a-i+i if both a* and aj+i are negative and 

(ii) dj >~ flj+x otherwise; 

4. maj ljfc (u;, -<) = Ei< 1<MeDes („^) *, and 

5. comaj fe „ = T, k <i<n,ieD es (.a,H)( n ~ *)• 

This given, to prove Stembridge's Theorem 11.161 directly, we shall consider the following family of 



polynomials {H^[Z; q, t] } m i-ti where 
(a) 
(b) 
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(a) H,,[Z;q,t] = H^[Z]q,t] if ^ / (l fc " 1 ,n-fc + l) and 



H(i*-i 1 „_ fc +i)[^«,t] = £ ^... z ^g™* i i,»-*+i(«.^ f «»™i-- fc+ i.-(«.^ (38) 

a— ai ■ ■ -a T1 £ A 7 } 

Ahn PeSSYT(X) Q£SYT(X) 
= y^s A [Z] E 9 ma ji,„-fc + i(Q)i coma j, 1 -fc + i,, 1 (Q)_ 
Ahn QeSYT(A) 

To prove that H ^[Z; q,t] = H^[Z\q,t] for all /x, we need only prove that the family of polynomials 
{H^[Z; q, £]} u i-n satisfies the analogues of (Al), (A2), and (A3). Clearly from our definitions, we need 
only show that ff(i*-i, n _fc+i) [Z; q, t] satisfies the analogues of (Al), (A2), and (A3). 

It immediately follows from ([38| that the analogue of (A3) holds since the only word contributing to 
the coefficient of z™ is the word a = 1" and clearly majj n _ k+1 (a, -<) = comaj n _ fe+1 n (a, -<) = for all -< 
in this case. Thus H (ik-i n _ k+1 - ) [Z; q, t] \ z n = 1 as desired. 

It follows from the properties of the row insertion and dual row insertion of the RSK correspondence 
described above that 

H^, n - k) [Z(q-l); q ,t] = W E g majl '"-^+ l(Q) t comaj ' , - fc + 1 '" (Q) | E q\ v \s v [Z]{-l)\ x ! u \s x >/v>[Z) 

Ahn \QeSYT(X) J uCX 

= y^ y~^ y^ (_x) ne£, ( p ^ pos ( p ^z p (7 maji -"-' e + i ^^ coma ' i "-' c + i '" < ' Q ^ 

Ahn PeSSYT ± (A) QGSFT(A) 
= gP°*( a )(_X)" e 9( a ) Z | ai | . . . Z | a |g ma ji, n -fc + i( a .^)i coma j re -fc + i.^( a ^) 

a— ai ■ ■ a n EA| 

for any linear order -i on A±. Similarly, 

H (l k, n - k) [Z(t-l)-q,t] = El E g majl .-'=+ l(Q) t coroaj '- k + 1 - (Q) ] s x [tZ-Z] (39) 

Ahn \QeSY"T(A) / 

= El E g majl -»-*+ l(<3) i comaj »-*+ 1 -» (C3) I ^2t^s v [Z]{-l)^s x , /ul [Z] 

Ahn \QeSYT(X) J u<ZX 

= y^ y^ (_i) ne 9( p )iP° s (- p ) z p g ma ji,„-fc+i(Q)i coma j n -)c+i, n (Q) 

Ahn PeSSYT±(X) QeSYT(X) 
= ^P 0;s ( a )(_X)" e 9( a ) Z | a | . . . Z | a | (? ma ji, n -fc + i( a ^)^ coma j n -fc + i,„( a ^) 

a— ai ■ ■ -a„ GA 7 } 
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for any linear order -< on A±. 

Thus to prove (Al), we must prove that there exists a linear order -< on A± such that 



a— ai ■ ■■a Tl £ylll 

X] c / p,(l*- 1 ,n-fe+l) r) V ( 40 ) 
P 4(l"- fc ,fc) 

Similarly to prove (A2), we must prove that there exists a linear order -< on A± such that 

^pos(a)^_2^neg(a) z ^ | • • • 2| | g ma h,n-fc + i ( a '^) £ coma j n -k + l, n ( a <^) = 

a— ai ■ ■ -a™ G 

^ rf / 9,(l*>- 1 ,n-fc+l) m P (41) 

for some Cp ^-i „_ fe+1) , d p ^fc-i „_ fc+1) G Q(q,t). 

We shall prove (|40[) and (|^T|) via simple involutions. We shall start with proving (j^Ojl . For any ordering 
-<, define the weight U (a) of a word a = ax ■ ■ ■ a n G A J by setting 

U(a) = q pos{a) {-l) ne9[a) Z\ ai \ ...^| 0n |g ma h,„- fc +iC«^)^omaj„_ Si+1 ,„(a^)_ 

First we define -< so that 

l-(2^----(n-<n^ n - 1 -< • • • -< T. 

Then we define an involution Ik on A± as follows . We let |i| = \i\ = i. Given a word w = ax ■ ■ ■ a n G A±, 
we look for the smallest letter j which is repeated in |oi| ••■ |a n _fc+i|. If there is no such letter, we 
let Ik(w) — w. Otherwise, let a t be right most occurrence of either j or j in m ■ ■ • a n -k+i- Thus 
1 < t < n — + Now let i be the smallest letter in |ai| • ■ • \at-x\ and let a s be the left most occurrence 
of i or i in ax ■ • ■ at— i- Note that 1 < s < n — k since t < n — k + 1. Then 7fc(a) = b = bx ■ ■ ■ b n where 
(i) 6 r = a r if r ^ s, (ii) b s = i if a s = z,and (iii) 6 S = i if a s = i. In other words, Jfe(a) is the result 
of changing a s to i if a s = i or changing a s to i if <z s = i. Clearly 7^ is the identity. We claim that 
[/(a) = —17(6). Clearly (-l) ne 9(a) _ _(_i)ne 9 (6) since we c h ang ed the sign of one letter. We did not 
change the absolute value of any letter so that Zi ai i ■ ■ ■ Zi a i — z^i ■ ■ ■ zi& n i. Since we did not change any 
of the letters after place n - k, we have i coma j™-fc+i,™( a ^) = ^comaj rl _ fc+1 ^(t.,^) _ Tnug wg neec j Qnly gnow 
that 

^pos(a)gmaj li „_ fe+1 (o,-!) _ ^pos(b) ^m&j 1 , n _ fc+1 (6,-<) (42) 

Without loss of generality, we may assume that a s — i. Then there are two cases. 

Case 1. s = 1. Since i is the smallest element in |ai| • ■ ■ |a t |, it follows i ■< a 2 and hence 1 ^ Des(a, -<). 
We claim that 1 6 Des(b, -<). Now if [da | > i or fl 2 = then clearly i y a 2 by our choice of the order -< 
so that 1 G Des(b, -<). Finally if a 2 = i, then 1 G Des(b, -<) by our definition of Des(a, -<) since we have 
two consecutive equal negative numbers. Thus it follows that majj „_ fc+1 (&, -<) — 1 = majj „_fc + i(a, -<) 
and hence 



^pos(a)^maj 1?l _ fc + 1 (a,^) _ pos(b)+l _m»ji, n _ h+ i(6,-<)-l _ pos(6) ma.^ , n _ h+1 (&,-<) 



as desired. 



Case 2. s > 1. We can argue exactly as in Case 1 that s ^ Des(a : <) and s G Desib,~<). So con- 
sider a s _i. Our choice of i and s ensures that |a s -i| is strictly greater than i. Thus by our definition 
of -<, i -< a s _i -< i. Hence s — 1 G Des(a, -<) and s — 1 ^ Des{b,~<). Thus it again follows that 
ma jl,n-fe+i( & . "<) - 1 = ma Ji,n-fc+i( a > "<) and hence 

pos(a) maj li „_ fe + 1 (a,-() _ pos(b) + X maj 1 „_ fc + 1 (6,^)-l _ Q pos(b) a mni 1 , n -k+l( b >^) 
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as desired. 



Thus our involution lb shows that 



qP°s{a)(_ i) ne a( )^| oi | . . . Z \ a |5 ma ji,»-fc+i(°'^)t coroa -in-fc+i,«(o.^) = (43) 

a—ai •••a rl £Aj_ 

gi>°s(a) (_-gneg(a)^^ •••2| a |g ma ji,«-fc+i ( a .^)i coma j n -fc+i, n ( a ^) , (44) 

a—ai---a n ^A^_.Ik{a) — a 

But since the only words a = a\ ■ ■ ■ a n such that Ik(a) = a must have \cii \ ■ ■ ■ \a n -k+i | be pairwise distinct, 
it follows that the largest possible type of a monomial Z\ ai i ■ ■ • Zi a i relative to the dominance order is 
(l n ~ k , fc) since this is largest type of words with at least fc + 1 distinct letters. Thus (|40[) holds. 
The proof of pij) is similar to the proof of PO")) . First we define -<* so that 

T ^* 2 ^* <* n n ■<* n - 1 -<* <* 1. 



Then we define the weight V(a) of a word a = a% ■ ■ ■ a n G A± by setting 

V(a) — t pos( ' a \—l) ne9( - a ^z\ a I • • -z\ a |g ma h.n-fe+i( a ^*)i coma jr 1 -fc+i, n ( a .^*)_ 

We define an involution on A± as follows. Given a word a = a\ ■ ■ -a n G A±, we look for the smallest 
letter j which is repeated in |a„_fe + i| ■ ■ ■ \a n \. If there is no such letter, we let Jfe(a) = a. Otherwise, 
let a t be the left most occurrence of either j or j in a„_fc + i • ■ • a n . Now let i be the smallest letter in 
|cit+i| ■ • ■ \a n \ and let s be the right most occurrence of either i or i in a t +\ . . . a n . 

Thus n — fc + l<t + l<s since n — fc + 1 < t. Then Jfc(a) = b = b\ ■ ■ -b n where (i) b r = a r if 
r/s, (ii) b s — i if a s — i,and (iii) b s = i if a s = i. In other words, Jfe(a) is the result of changing a s 
to i if a s = i or changing a s to i if a s = i. Clearly J| is the identity. We claim that Via) = — V(b). 
Clearly (— \) ne s( a ) = — (— i)™eg(f>) smce we changed the sign of one letter. Again we did not change the 
absolute value of any letter so that Z| Q1 | • • • -Z| a „| = zi^i • ■ • z |b„|- We did not change any of the letters 
among ai ■ ■ ■ a n - k +i so that g ma ji,„-k+i( a .^*) = 9 ma ji,„-fe+i( fc ^*) Thus we need only show that 

There is no loss of generality in assuming that a s = i. Then there are two cases. 

Case 1. s = n. Since i is the smallest element in \a t \ ■ ■ ■ \a n \, it follows a„_i ^* i. We claim that 
n — 1 ^ Des(a,<*) and that n — 1 G Des(b, -<*). Now if |a n _i| > i, then clearly z ^* a„_i -<* i so 
that our claim holds. If a„_i = i, then n — 1 ^ Des(a, -<*) because two equal positive letters do not 
cause a descent by our definitions. However, i -<* i so that n-l£ Des(b, -<*). Finally if a n _i = i, then 
n — 1 G Des(b, -<*) since two equal negative letters cause a descent while n — 1 ^ Des(a, -<*) because 
i -<* i. Thus it follows that comaj Tl _ fe+1 „(&, -<*) — 1 = comaj n _ fc+1 „(a, -<*) and hence 

fpos(a) c coroaj n _i. +lin (o,^!*) _ ^pos(6) + l^comaj, 1 _ fc + 1 ,„(6,^*)-l _ ^pos(b)^comaj„_,. +li „(b,-;*) 



as desired. 



Case 2. s < n. We can argue exactly as in Case 1 that s — 1 ^ Des(a, -<*) and s — 1 G Des(b, -<*). 
So consider a s +i. Our choice of i and s ensures that |a s +i| is strictly greater than i. Thus by our 
definition of i -<* a s +i z. Hence s G Des(a, -<*) and s ^ Des(b, -<*). Thus the only places were 
Des(a, -<*) and Des(a,^>*) differ is on the set {s — l,s}. We have Des(a,~<*) fl {s — l,s} = {s} and 
Des(b, -<*) fl {.s — 1, s} = {s — 1}. Since n — (s — 1) = (n — s) + 1, it follows that comaj n _ fc+1 „(&, -<* 
) — 1 = comaj„_ / r c+1 „(a, -<*) and hence 

^pos(a)^comaj„_ fc + li „(a,-;*) _ ^pos(&) + l^comaj ?1 _ fc+li?1 (b,X* )- 1 _ ^pos(b) ^comaj„_ fc+li?l ) 
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as desired. 



Thus our involution Jk shows that 

<P° s ( a )(-l) ,le S( a ) Z | ai | .. . Z \ a |g ma h,n-*+lC a ^*)i coma jn-fe+l,n(o^*) = (46) 

a—ai • • -an £ A 7 } 

fPOs(a)^_ l) ne 9( a )0| ai | . . . |g roa J\,n-ife+l( >^*)£ coma J\ l -ife+l,n( a >^'''), (47) 

a— ai---a 71 (E^4!|l,Jfc(a) — a 

But since the only words a = ai • • • a n such that Jfe(a) = a must have \a n -k+i ■ ■ ■ be pairwise distinct, 
it follows that the largest possible type of a monomial 2i 01 i • ■ • z\ a \ relative to the dominance order is 
(l fc_1 , n — k + 1) since this is largest type of words with at least k distinct letters. Thus (HH) holds. 

□ 



8 Final Remarks 
8.1 Haglund Statistics 

Let £ be a filling of the Ferrers diagram of a partition [i with the numbers 1, . . . , n. For any cell u — £ 
Ffj,, let be the entry in cell u. We say that u = £ F M is a descent of £, written u £ Des(£), if 
£ > 1 and £((«, j)) > £((i — 1, j)). Then maj(^) — J2 u eDes(^)(^ e 9( u ) + •"■)• Two ceus u,v e F^ attack each 
other if either 

(a) they are in the same row, i.e. zt = and t> = (i, k), or 

(b) they are in consecutive rows, with the cell in the upper row strictly to the right of the one in the 
lower row, i.e. u = (i+ l,fe) and v — where j < k. 

The reading order is the total ordering on the cells of F^ given by reading the cells row by row from top 
to bottom, and left to right within each row. For example, the reading order of (2,3,4) is depicted on 
the left in Figure [71 An inversion of £ is a pair of entries > £(u) where u and v attack each other 
and u precedes v in the reading order. We then define Inv(^) — {{u,v} : £(u) > is an inversion} 
and inv(0 = \Inv(£)\ - £«e£>e*«) arm(u). 

For example, if £ is the filling of shape (2, 3, 4) depicted in Figurc[7j then Des(^) = {(2, 1), (2, 2), (3, 2)}. 
There are four inversion pairs of type (a), namely {(2, 1), (2, 2)}, {(2, 1), (2, 3)}, {(2, 2), (2,3)}, and 
{(1, 3), (1, 4)}, and one inversion pair of type (b), namely {(2, 2), (1, 1)}. Then one can check that 
|/m>(£)| = 5, rnaj(£) = 5 and in!)(() = 2. Finally, we can identify £ with a permutation by reading 
the entries in the reading order. In the example of Figure [7j£ = 27961348 5. Then we let 
£>(£) = Des^' 1 ). In our example, = 516794283 so that D(£) = {1,5, 6, 8}. 

Recently, Haglund, Haiman and Loehr [20l [21] proved Haglund's conjectured combinatorial interpre- 
tation [19 of H^(x;q,t) in terms of quasi-symmetric functions. That is, given a non-negative integer n 
and a subset D C {1, . . . , n — 1}, Gessel's quasi-symmetric function of degree n in variables Xi,x%, . . . is 
defined by the formula 

Qti,d(x) := ^2 x ai x a2 ■ ■ -x an . (48) 

oi<«2<-<»n 

Then Haglund, Haiman and Loehr [21) proved 

H ti (x;q,t)= <l inv{6) t mam Qn,D($)(x)- ( 49 ) 

Here the sum runs over all fillings £ of the Ferrers diagram of fi with the numbers 1 , . . . , n. 
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reading order 



Figure 7: The reading order and a filling of (4, 3, 2). 

8.2 Relations with the Combinatorial Interpretation of Macdonald Polyno- 
mials 

The Hilbert series of is equal to the coefficient of x\X2 ■ ■ ■ x n in H^ L (x; q, t). Since the coefficient of 
X1X2 ■ ■ ■ x n in any quasi-symmetric function Q n d(%) is f , it follows that the Hilbert series of is given 
by 

J2dimU^qH k = H^x;q,t)\ XlX2 ... Xn = £ ^(0^(0, 

k,r £:/i~{l,...,n} 

where the sum runs over all fillings £ of the Ferrers diagram of fj, with the numbers 1, . . . , n. No known basis 
realizes this remarkable identity for general H p . The fc-th Haglund basis described in Subsection 11.3.21 
above provides such a basis when \i is of hook shape. 
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